
1. Introduction

The number of DSL subscribers increases rapidly the-
se days. This fact can be explained by the reasonable
price and the relatively high reachable data rate this
type of access technology offers. The reason of low pri-
ce is that for the DSL access technology the already-
in-use symmetric copper wires can be used by exploi-
ting their higher (>144 kHz) frequency domain. As the-
se copper wires can already be found at telephone
users, in many cases the installation of DSLs may be
the cheapest and best choice.

Amongst the services provisioned through DSLs the
Internet access is the most popular [1]. The digital sub-
scriber lines provide sufficient data rate for the majority
of currently available services offered via the Internet.
The previously available slow-speed access technolo-
gies severely hindered the development and spread of
web applications. With the show-up of DSLs however

the evolution of modern, broadband network services
gained a new momentum. The spread of these premi-
um applications (e.g. VoIP, VoD) is also encouraged by
access network operators as they may attract new
subscribers into their domain.

One of the gravest problems of TCP/IP based pac-
ket switching networks is the lack of transmission qua-
lity guarantees. Without these guarantees however the
introduction and spread of value-added services is uni-
maginable. QoS guarantees and network manage-
ment algorithms are primarily needed where resources
may be scarce: in the local loop and the access net-
work.

The quality of data transmission depends on the ac-
tual load of the network, which may be characterized
by the saturation probabilities or packet loss ratios me-
asured over the links of the network domain. The for-
mer metric (in case there are no buffers attached to
links) is the probability of the instantaneous data rate
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Figure 1.  QoS guaranteed service provisioning with a bandwidth controller located in the access network



of the aggregated traffic flowing through a link exceeds
its capacity. Unfortunately the link saturation probability
does not tell anything about the amount of lost infor-
mation, so it is more useful to prescribe the desired
packet loss ratio, which is the ratio of lost and sent pac-
kets. 

In this article a novel technique capable to approxi-
mate the expected load status of link while requiring
only few a priori parameters is introduced. This appro-
ximation can be used by a bandwidth controller to su-
pervise a network domain and making efficient and re-
liable admission control decisions. 

The formulae to be presented approximate the re-
quired bandwidth need of a certain aggregated traffic
flow in contrast with those that determine the expected
level of QoS for a given link capacity. The advantage
of our method is that it is enough to periodically refresh
the actual amount of required bandwidth by backgro-
und computations, while in the other case the expec-
ted QoS level has to be checked each time a new ser-
vice request arises, which of course considerably slows
down making admission decisions.

The rest of this article is organized as follows. In the
next part the applied mathematical model is explained
briefly. In the third section techniques capable to ap-
proximate the moment generating function of the ag-
gregated traffic’s rate distribution are presented. In the
fourth part methods to convert QoS level approxima-
tions into bandwidth requirement values are introdu-
ced. In the fifth section the efficiency of previously and
newly developed methods are compared through nu-
merical examples. Our concluding remarks can be fo-
und in the last section. 

2. QoS metrics and their approximation
in packet-based networks

For the approach to the problem outlined in the intro-
duction we used the popular BFFM (Bufferless Fluid
Flow Multiplexing) framework. As in this model there are
no buffers that may reduce the packet loss ratio it can
be used to approximate important QoS metrics in a
conservative manner. 

Let us suppose that n fluid flows are aggregated on
a link with capacity C. Let Xi be a random variable de-
noting the instantaneous data rate of the i th stationary
flow. Let us suppose that for each source a pi peak da-
ta rate can be determined, that is 0 ≤ Xi ≤ pi. Let X be
a random variable denoting the instantaneous data ra-
te of the aggregated traffic flow: .

Thus the link saturation probability can be defined as:

Psat 
def= P (X > C) (1)

This probability means the fraction of time when the
instantaneous data rate of the aggregated traffic exce-
eds the link capacity and so information loss occurs.
This metric can be determined relatively easily, but may

be useful only for the network operators, as the satura-
tion probability does not give any reliable information
regarding the amount of lost data. It is easy to imagine
that beside the same saturation probability the number
of lost packets may totally differ. Thus the level of
users’ satisfaction should be characterized with the
packet loss ratio instead. It is by definition:

§, (2)

where E[.] is the expected value operator, and
(X–C)+=max(X–C,0). So in other words the packet
loss ratio can be computed as the expected value of
the instantaneous data rates exceeding the link capa-
city (and so causing packet loss) divided by the mean
instantaneous data rate of the aggregated flow. 

The call admission decision is based on the relation
of the expected and prescribed level of the QoS metric:

P (X > C) ≤ e–γ vagy                                   (3)

Practically it is more tractable to compare the equi-
valent capacity of the aggregated traffic to the link ca-
pacity. The equivalent capacity is the minimum required
bandwidth that the aggregated traffic needs for atta-
ining the predefined QoS level. The definition of equi-
valent capacity can be written in the following forms in
case the guaranteed QoS level is composed in terms
of saturation probability or packet loss ratio:

or

(4)

For the approximation of the expected link satura-
tion probability or packet loss ratio the Bahadur-Rao
extension of the well-known Chernoff bound can be
used. 

The Bahadur-Rao approximation of the given QoS
metric is more accurate than the Chernoff bound, how-
ever it is not necessarily conservative (i.e. it may unde-
restimate the true value) [5,6]:

or     (6)

(7)

where ΛX (s) is the logarithmic moment generating
function (LMGF) of X, 
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It can be seen that for the presented approxima-
tions (6) and (7) the LMGF of the distribution function
of X is needed. The LMGF can be computed if all the
moments of X are known, which is usually not the case.
To overcome this problem three methods for approxi-
mating the moment generating function of X are pre-
sented in the next section. These techniques are easy-
to-implement as they require only three parameters:
the number of flows, the peak data rates of flows and
the mean data rate of the aggregated flow.

3. Parsimonious upper bounds of 
the moment generating function

The first approximation method with which an upper bo-
und for the moment generating function of X can be
determined is a corollary of the results published by Ho-
effding in 1963 [2]. Let Xi, i =1...n denote independent,
bounded random variables, for which 

Then for s>0

,            (8)

where GX(s) is the moment generating function of X.
Using Hoeffding’s results Heszberger et al [3] for-

med the following conservative bound which can be
applied to bound the moment generating function of
the sum of bounded (0 ≤ Xi ≤ pi) random variables
( ) : 

.            (9)

The already presented two bounds are based on
the results of Hoeffding, however another approach
may also be used for obtaining an upper bound for the
moment generating function. For the construction of
this third bound the concept of a certain type of sto-
chastic ordering of random variables will be used. Let
us assume that we have two random variables X and
Y, whose distribution functions are denoted by FX and
FY, respectively. Then X is said to be smaller than Y
with respect to increasing convex ordering [4], written
as X<i c xY, if the condition

holds for each increasing convex function φ(x), for
which the integral exists. 

From the definition it can be deduced that if X<i c xY,
then for s >0, GX(s) ≤ GY(s) holds. This can easily be ve-
rified by substituting φ(x) with es x.

Using the following lemma a new approximation for
the upper bound of the moment generating function
can be constructed [4]. Let X1

onoff,...,Xn
onoff random varia-

bles denote n independent, heterogeneous (i.e. non-

uniformly bounded) on-off sources whose peak data
rates are p1,...,pn, and mean data rates are m1,...,mn,
respectively. Let Y1

onoff,...,YnY

onoff random variables deno-
te nY independent homogeneous on-off sources, who-
se peak data rates are identically p=max(pi, i=1,...,n), 

and nY = int (i.e. the upper integer value of

the expression between the braces), their mean data

rates are identically . Then 

Using this lemma and the consequence of the defi-
nition of increasing convex ordering the upper bound
of the moment generating function of the X can be writ-
ten as follows [8]. 

Let Xi, i =1...n denote independent, bounded ran-
dom variables, 

Then for s>0

.                   (10)

From now on the logarithms of the moment gener-
ating function bounds (8), (9) and (10) (i.e. the corre-
sponding LMGFs) will be denoted by ~ΛX,hoe(s), ~ΛX,ih(s)
and ~ΛX,so(s) respectively.

4. Direct equivalent 
capacity estimation methods

By putting the previously introduced moment gener-
ating function bounds into formulae (6) and (7), an up-
per bound of the expected QoS level (saturation pro-
bability or PLR) can be obtained. This value then can
be compared with the prescribed QoS level – as it was
indicated in (3) – and the admission decision can be
made according to the result of this comparison.

If we take another look on (6) and (7) we see that
the original Bahadur-Rao formulae contain not only the
LMGF, but also the second derivative of the LMGF. 

Investigations show that as the exact moment ge-
nerating function is not known (only an upper bound
of it can be obtained), for its second derivative only a
very imprecise approximation can be given, and this
eventually makes the Bahadur-Rao formulae inappli-
cable. Thus it is desirable to eliminate the second de-
rivative from the formulae somehow. It can be mana-
ged by using the results of Montgomery and de Vecia-
na [7]:

(11)

where   (12)
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It was mentioned earlier, that it is more tractable to
compute the equivalent capacity of an aggregated flow
instead of the expected QoS level, because the equi-
valent capacity need to be refreshed only periodically
while the expected value of the appropriate QoS met-
ric should be recomputed each time a new service re-
quests arrives. In case the equivalent capacity is trac-
ked, a new flow can be admitted if its peak data rate
plus the actual equivalent capacity of the aggregated
flow is less than or equal to the link capacity.

If formula (11) or (12) is used in the appropriate part
of formula (4), an indirect method for computing the
equivalent capacity can be obtained. However, in this
case a double optimization should be performed (with
respect to parameters s and C), which considerable inc-
reases the computational complexity of this method.

To overcome this problem we have developed direct
formulae which are capable to determine the equiva-
lent capacity in one step. These can be written in the
following forms (13 and 14):

where ~ΛX(s) can be any appropriate approximation
of ΛX(s) (e.g. the bounds presented in Section 3 are
such). A more detailed discussion of these new results
can be found in [8].

5. Numerical investigations

In this section the comparative analysis of the presen-
ted moment generating function bounds and equiva-
lent capacity estimators will be carried out through nu-
merical examples. For this investigation let us define a
two-class, on-off traffic mix. The numbers of sources
within the classes are represented by n1 and n2, res-
pectively. The peak and mean data rate of the sources
belonging to the same class are identical, these are
denoted by mi and pi, i ∈ {1,2}. The important characte-
ristics of the investigated traffic mixes are summarized
in Table 1. 
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Figure 2.
Link saturation probabil i ty estimations, M1

Figure 3.
Packet loss ratio estimations, M1

Figure 4.
Link saturation probabil i ty estimations, M2

Figure 5.
Packet loss ratio estimations, M1

n1 m1 [kbit/s] p1 [kbit/s] n2 m2 [kbit/s] p2 [kbit/s] P/M

M1 100 51 64 10 200 500 2,24
M2 100 51 64 1000 4,8 5,8 1,34

Table 1.  Characteristics of the investigated traff ic  mixes



The first traffic mix (M1) can be considered as the
aggregate of uncompressed voice and compressed vi-
deo flows, while the second traffic mix (M2) resembles
to the aggregation of compressed and uncompressed
voice flows. The difference between the two mixes lies
in the difference of the aggregate peak to mean ratio
(shown in the last column of Table 1).

On Figures 2-5 (on the previous page), the 10-bas-
ed logarithms of the exact and approximated values of
the link saturation probability or packet loss ratio are
drawn as a function of the link capacity C. As the pre-
sented bounds give applicable results in the 

M < C < P (P
def= ) interval,

only a part of the (M,C) interval is plotted. The exact
values are drawn with continuous, while the bounds
are drawn with dotted (~ΛX,hoe(s)), dash-dotted (~ΛX,ih(s))
and dash-dot-dotted (~ΛX,so(s)) lines.

On the figures it can be seen that in most cases the
~ΛX,hoe(s) bound is the less accurate, while the other two
bounds’ accuracy is acceptable. The vertical and hori-
zontal distances between the curves usually increase
with increasing γ (as the prescribed QoS level gets
more stringent). The difference between the bounds of
~ΛX,ih(s) and ~ΛX,so(s) is sometimes negligible, however
the computational complexity of those are fairly diffe-
rent: the stochastic ordering based bound can be ob-
tained more easily. The application of the ~ΛX,hoe(s) bo-

und can be recommended only if the computational
complexity is the most important factor.

The performances of the equivalent capacity esti-
mator formulae have also been compared. The nume-
rical analysis was carried out the following way. First the
exact values of the saturation probability and the pac-
ket loss ratio were determined for a given C value.
Then from the Ps at =e–γ or PLR =e–γ formulae the corre-
sponding γvalues were determined. These γvalues and
the previously obtained ~ΛX,hoe(s), ~ΛX,ih(s) and ~ΛX,so(s)
bounds were finally substituted into (13) or (14). The re-
lation between the exact (i.e. in this case the link capa-
city C) and approximated value of the equivalent capa-
city has been then investigated. 

On Figures 6-7, the ( ~CB-R
equ,sat –C )/C relative error was

drawn for M1 and M2 traffic mixes. 
The equivalent capacity estimation for which ~ΛX,hoe(s)

bound was used is plotted with continuous line, while
the dotted and dash-dotted lines refer to the equiva-
lent capacity approximations for which ~ΛX,ih(s) or ~ΛX,so(s)
was used. It can be seen that the ~ΛX,hoe(s) based app-
roximation severely underestimates, while for traffic mix
M2 the ~ΛX,so(s) based approximation partly underesti-
mates the exact equivalent capacity.

On Figures 8-9, the ( ~CB-R
equ,WLR –C)/C relative error was

drawn for the two traffic mixes. The equivalent capacity
approximation for which ~ΛX,hoe(s) bound was used is
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Figure 6.
The relative error of  

~CB-R
equ,sat , M1

Figure 7.
The relative error of  

~CB-R
equ,sat , M2

Figure 8.
The relative error of  

~CB-R
equ,WLR, M1

Figure 9.
The relative error of  

~CB-R
equ,WLR, M2



plotted with continuous line, while the dotted and dash-
dotted lines refer to the equivalent capacity estimations
for which ~ΛX,ih(s) or ~ΛX,so(s) was used.

The accuracy of the ~ΛX,hoe(s) based approximation
is the worst in almost all cases, while the most accura-
te estimation is usually given by the one which uses the
stochastic ordering based LMGF bound. 

It can also be observed that the differences betwe-
en the relative errors are bigger for smaller C values
(i.e. for smaller γ values). It can also be seen that the
investigated formulae give almost certainly a higher va-
lue than the exact one, if the ~ΛX,ih(s) or ~ΛX,so(s) bounds
are used in the equivalent capacity estimator formulae.
The absolute values of the relative errors decrease as
γ increases (i.e. as the prescribed QoS level becomes
more stringent).

6. Conclusions

In this article novel resource requirement estimator tech-
niques were presented. With these methods the mini-
mal required transmission capacity that should be pro-
vided for an aggregated network traffic flow in order to
maintain a predefined QoS level can be computed.
The most important advantage of our new formulae
may be that they require very few input parameters:
only the number of flows, their peak admission rates
and the mean admission rate of the aggregated flow
have to be known a priori.

For the computation of the presented equivalent
capacity estimators the moment generating function of
the aggregated traffic’s rate distribution is needed. As
it can not be determined exactly from the given para-
meters, three techniques capable to obtain an upper
bound for the moment generating function was presen-
ted in Section 3. While the required parameters for the-
se methods are the same, the performances of these
bounds differ as we saw in Section 5.

Our numerical investigations also showed that for
the best accuracy usually the new, stochastic ordering
based bound should be applied in the equivalent ca-
pacity estimator formulae. However, if the computatio-
nal simplicity is the most important factor, using the well-
known Hoeffding bound may be the best idea.

With the aid of the presented resource requirement
estimators efficient traffic load control mechanisms can
be realized in packet based networks. The overload
protection enables network operators to provide QoS
guarantees for premium services, which in return ensu-
res the satisfaction of their subscribers and encoura-
ges the evolution and spread of value-added services.
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